
Abstract
The present paper presents a validation of momentum boundary-layer 
integral solution and finite-volume Reynolds-Averaged Navier Stokes 
(RANS) Computational Fluid Dynamics (CFD) results for skin 
friction around airfoils NACA 8H12 and MMB-V2 as well as heat 
transfer around an isothermal cylinder with rough surface. The 
objective is to propose a two-equation integral model and compare its 
predictions to results from a robust CFD tool, to experimental data 
and to results from a one-equation integral solution. The latter is the 
mathematical model used by classic 2D icing codes. All proposed 
model predictions are compared to CFD results for verification and, 
whenever possible, to experimental data for validation. The code-to-
code verification brings reliability to both the proposed code and the 
CFD tool when there is no test data available. The present authors 
implemented a numerical code that solves a set of integral equations 
of laminar and turbulent momentum boundary layer that was not yet 
applied to icing or ice protection problems. Before implementing the 
proposed model into icing and thermal ice protection numerical 
codes, it is necessary to validate the momentum boundary layer and 
CFD results separately. The present authors propose the use of 
mathematical models and correlations for transition not yet applied to 
flows over rough or clean surfaces subjected to icing conditions. 
Traditionally, to simulate icing or anti-icing cases, the codes use 
one-equation models and consider an abrupt transition process, i.e., 
zero transition length not a transition region with a finite length. The 
proposed model assumes that a rough surface or laminar separation as 
well as natural - low turbulence level as in the atmosphere - or 
by-pass mechanisms - high turbulence level as inside icing tunnels 
- can trigger laminar-turbulent transition. The more accurate the 
predictions of transition onset and length, the more accurate the 
predicted heat and mass transfer will be, for future application in 
icing simulations. In addition, the pressure gradient and its variation 
are relevant at high angles of attack and for flow around thick or even 
ice contaminated airfoils. However, those pressure variation effects 
on velocity profile are also taken into account by the two-equation 

models proposed herein. Therefore, the present paper includes some 
effects not considered by the literature on icing in order to validate 
results against experimental data and to verify integral code 
predictions with regards to CFD tool results.

Introduction
When simulating a wing thermal ice protection system or glaze ice 
accretion, it is very important to have an accurate convective heat 
transfer coefficient since it can affect both heat and mass transfers. In 
icing tunnels or in flight, a transition may occur within the ice-
protected region of a wing or along a glaze ice accretion region. The 
main consequence is that the laminar-turbulent transition locally 
increases the heat transfer rate as well as the mean heat transfer rate 
integrated over the area.

In terms of anti-ice thermal performance, the location of water 
evaporation may change and peak temperatures will vary locally 
while average temperatures vary globally [1, 2, 3, 4, 5, 6, 7, 8]. In 
terms of ice accretion, the variation in the heat transfer coefficient 
may cause water to freeze by removing the enthalpy of solidification 
[9]. This will change the overall shape of the ice and may change ice 
local features such as the position and height of its horn.

In some cases and by using similitude arguments, the 3D wing or ice 
shapes may be approximated into 2D profiles, as assumed by classic 
anti-icing codes [10, 11, 12, 13]. This allows the analyst to use 1D 
integral solutions of boundary layer and simplify the calculation of skin 
friction and heat transfer coefficients. Obviously using this approach is 
not always possible due to its inherent limitations but when it is, it 
expedites the design process due to the use of analytical and integral 
solutions instead of more demanding computational methods.
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Even though the numerical integral solutions are not as novel as the 
numerical differential Reynolds-Averaged Navier-Stokes (RANS) 
solutions, they still have some importance in equipment design and 
aircraft certification. Common RANS solvers are the 2D finite-
difference boundary layer codes and 3D finite-volume CFD tools. 
The latter is particularly important when simulating complete 
configurations of aircraft wing, pylon and fuselage as well as the 
swept wings, multi-body wings, air data probes, antennas, air inlets 
and other devices installed on the aircraft external surfaces.

There are still advantages of using integral solutions in the subject of 
icing: 1) the integral solutions or semi-empirical formations are used 
in validated icing tools like LEWICE [11], ONERA2D [12] and 
TRAJICE [13]; 2) the integral solutions are accepted by authorities in 
the processes of aircraft certification for both icing and thermal ice 
protection; 3) the integral solution can be used as a sanity check or 
verification reference when simulating CFD cases that do not have 
experimental data yet; 4) the engineer can generate hundreds of 
integral solutions in a brief period of time with sufficient accuracy. 
The latter is particularly important for trade-off studies of a complete 
critical case matrix considering several flight or tunnel conditions. On 
the other hand, the integral solutions have limitations when compared 
to RANS CFD because they are one-dimensional, they assume local 
properties and neglect most of flow history effects; therefore, they 
have limited application to 3D complex shapes or multi-body 
configurations, and most of them assume an incompressible flow.

The momentum boundary layer modeling can affect the thermal 
boundary modeling because the momentum thickness δ2 and 
freestream turbulence level Tu define the onset location and length of 
laminar-turbulent transition, as defined per Eq. (27) and (31). This 
approach is especially useful for application in fully or approximated 
clean airfoils. For icing airfoils, the sand-grain roughness height ks is 
an important parameter to define transition onset location [4]:

(1)

Where the boundary layer edge velocity ue is estimated with pressure 
coefficient around the airfoil or body, considering that the external 
flow can be approximated as potential. The Eq. (1) is not universally 
applicable for all icing problems; mainly it is not applicable to those 
when the roughness height is greater than boundary layer thickness.

Some icing models, which do not solve the energy boundary layer 
equation in a turbulent regime, use a momentum for heat transfer 
analogy, to correlate skin friction Cf with Stanton St. The analogy is 
common when solving flow over isothermal and rough surfaces like 
the ones of ice shapes [10, 4], for instance:

(2)

Where Stk comes from a semi-empirical equation [12] in order to 
represent the thermal resistance of the roughness layer in series with 
the turbulent boundary layer thermal resistance. In addition, Cf,rough is 
a function of sand-grain height ks and the momentum thickness δ2 
over smooth surfaces [12].

On the other hand, some anti-icing models, such as the ones 
implemented by previous authors [5, 6], require estimation of Cf 
distribution in order to obtain adequate water runback 
hydrodynamics. The shear near the wall τ0 defines not only the 
runback movement and height but also the breakdown process from 
water film to water rivulets.

Previous thermal anti-ice simulation codes [7] used superposition of 
isothermal solutions in order to evaluate heat transfer over non-
isothermal surfaces. In this case, either direct thermal boundary layer 
solutions or heat and mass transfer analogy, which is applied to a 
momentum boundary layer solution, can generate isothermal 
solutions required by superposition methods. Several analogies are 
available for different applications, but the simplest is the Reynolds 
analogy that directly correlates Cf and St:

(3)

In addition, the pressure gradient and its variation may affect the 
transition prediction and the Cf distribution [8]. The pressure 
variation or flow acceleration effects are not negligible when 
simulating flow around cylinders and actual thick and non-symmetric 
airfoils, and also over some rime or glaze ice shapes.

Previous authors [14] applied Computational Fluid Dynamics (CFD) 
tools to thermal anti-ice simulation coupled with integral boundary 
layer codes. The main reason for coupling CFD and integral codes 
was that CFD had no transition modeling yet and the integral code 
was already tested and compared to test data of anti-ice applications 
considering laminar-turbulent transition, non-isothermal surface and 
water film hydrodynamics. Recently, some authors developed models 
[15] or updated commercial codes [16] while others validated CFD 
turbulence models that use intermittency transport models with 
experimental data [17, 18].

Due to the current lack of generality of the laminar-turbulent 
transition and turbulence models, the use of a CFD tool to simulate Cf 
or, ultimately, St around thermally protected airfoils still requires 
validation with experimental data. The main reason is that models are 
relatively new and there is a lack of experimental measurement of 
local Cf and St for different geometries and conditions. Mainly for 
rough icing surfaces and thermally ice protected surfaces with 
runback and impinging water. Therefore, when data is not available, a 
verification process that compares integral solutions of boundary 
layer to CFD results may provide the required sanity check.

Local Cf experimental data available in literature - like those 
presented in Refs [19] and [20] - are relevant for boundary layer and 
turbulence models validation because local results can be compared 
directly. Although some validation works use mean results such as 
those of aerodynamic performance [21], the mean results may not 
accurately represent the flow history or local effects for model 
development and validation purposes.

Objective
The main objective of the present paper is to validate results of a set 
of integral equations of the momentum boundary layer for future use 
in anti-ice or icing mathematical models. The present authors intend 
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to verify and to compare results of a proposed two-equation integral 
model to those of a one-equation integral model used by classic 2D 
icing codes and previous anti-ice works [1]. In addition, the present 
paper compares the results to CFD results and, whenever possible, to 
experimental data. Therefore, the expected results are validation with 
experimental data, and code-to-code verification of both CFD and 
integral boundary layer solutions for the flow conditions and 
geometries analyzed herein.

Mathematical Models Description
The proposed momentum boundary layer mathematical model has 
some original improvements from previous works [1, 2, 4, 9] and it 
intends to expand the modeling approach by considering the pressure 
gradient variations and the occurrence of laminar-turbulent transition 
at the start or along a laminar separation bubble. In some cases 
presented below, the laminar separation or the transition caused by 
roughness may occur in a position upstream from the natural or 
by-pass transition onset. Due to distortion or inflection in the velocity 
profile within the separation region, the laminar flow may be unstable 
and thus more susceptible to transition to a turbulent flow. In case of 
rough surfaces caused by ice accretion, the disturbance in laminar 
boundary layer may be enough to cause a transition process to start.

It is important to emphasize that some equations are firstly proposed to 
icing or anti-ice application, even though they had their original use in 
other areas as separate equations. Additionally, most of the originality 
of the present paper resides in the overall mathematical model or the 
set of equations, and its specific use in icing. The intention of the 
present authors is not to propose new models or test models separately. 
The objective includes, however, testing the use of existent equations 
as part of a possible set of equations for skin friction and transition 
prediction over clean and rough surfaces. Therefore, the proposed 
mathematical model must be considered as encompassing the laminar, 
transitional and fully turbulent equations and criteria together.

First Mathematical Model - Based on Icing Literature
Makkonen [10] proposed a mathematical model for icing cylinders 
that was later adopted in ONERA2D icing code [12]. This model 
represents the boundary layer by Thwaite's equations in laminar 
regime [22] and Kays and Crawford's equations for turbulent regime 
[23]. It is described below and implemented by present authors only 
so as to provide a reference.

Thwaites's Laminar Boundary Layer Model [22, 24]

Laminar momentum thickness:

(4)

Laminar skin friction:

(5)

Interpolation function based on analytical solutions [24]:

(6)

Thwaite's pressure gradient parameter:

(7)

Kays and Crawford's for Turbulent Boundary Layer Model [23]

Turbulent momentum thickness:

(8)

Turbulent skin friction:

(9)

The model assumes a similar velocity profile based on 1/7 power and 
so a constant shape factor H along turbulent flow region:

(10)

Second Mathematical Model - Proposed Application
The second mathematical model, which the present authors propose 
for future use in anti-ice and icing codes, represents the boundary 
layer by Walz's equations in laminar regime [25] and Head's equations 
for turbulent regime [26]. The present authors did not find any icing 
model in open literature that uses the proposed set of equations.

Walz's Laminar Boundary Layer Model [25]

(11)

The thickness parameter:

(12)

(13)

Constants of Equation (12) for solutions in adverse and favorable 
pressure gradients:

(14)

The shape parameter of velocity profile Γ:

Downloaded from SAE International by Guilherme Da Silva, Wednesday, May 18, 2022



(15)

Where α is interpolated from analytical solution by assuming Hartree 
profiles, see respective table in Ref [25].

Head's Model for a Turbulent Boundary Layer [24, 26, 27]

Local Reynolds based on momentum thickness:

(16)

Turbulent skin friction in function of shape factor and momentum 
thickness [24]:

(17)

From momentum conservation, one can write:

(18)

From mass continuity equation, a dimensionless entrainment velocity 
is defined by:

(19)

According to Head [24], H1 is given by:

(20)

After simplification, Eq. (19) becomes:

(21)

Right hand term of Eq. (19):

(22)

The shape factor with inverse of the function G can be calculated and 
used in next loop of solution:

(23)

Where G−1 is given by:

(24)

In order to initiate the calculation or perform next solution loop, δ2,turb 
and Hturb must be provided. At transition onset, the present paper 
assumes 1.2 < Hturb < 1.4 and δ2,lam = δ2,turb. Initial value of F can be 
calculated with H1 obtained with G(Hturb). For the next solution lop 
the values δ2,turb and Hturb are estimated by Eq. (18) and (23) but the 
value of F is estimated by H1 calculated by Eq (21). The turbulent 
separation is detected when Hturb tends to infinity and so Cf,turb to zero.

Laminar-Transition Model - Proposed Application
A laminar-turbulent region connects laminar with turbulent flow 
regimes; therefore, the present authors propose the use of transition 
onset, extension and intermittency models. Both integral boundary 
layer models presented in this paper - first and second - use the same 
set of equations for model transition. The researched literature and 
the classic icing codes [11, 12, 13] consider transition as abrupt, i.e., 
the flow regime goes from laminar to turbulent in a point, not in a 
region with finite length. Ref [4] performed some studies about the 
influence of transition and demonstrated the importance of a smooth 
transition region modeling in convective heat transfer during glaze 
ice accretion [9]. Previous works [1, 2, 28] about anti-ice simulation 
already considered the effects of a transition region on the skin 
friction and heat transfer coefficient. However, the present paper 
proposes the use of a different model than previous works in order to 
estimate the transition region extension.

Regarding the transition onset for flow over rough surfaces, the 
present work uses the same criteria used in classic icing codes and 
previous works. However, for flows over approximately clean or 
smooth surfaces, the present authors proposed a different model or 
criteria than those found in anti-ice or icing literature.

Modified Abu-Ghannam and Shaw Model for Transition Onset 
Prediction [29, 30] - smooth or approximately clean surfaces

Drela [30] modified the model by Abu-Ghannan and Shaw (AGS) to 
use it in airfoils. The author adapted the AGS model to consider ncrit 
of en method, which is adequate for low turbulence levels, i.e., natural 
transition.

Modified turbulence level:

(25)

Exponent of natural transition en method in function of modified 
turbulence level:

(26)

Transition on-set Reynolds based on momentum thickness:

(27)
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Equation (27) predicts the laminar-turbulent transition onset location 
when triggered by natural or by-pass mechanisms only. The natural 
transition may occur in flight while the by-pass may also occur in an 
icing tunnel due to its high turbulence levels [31]. Present authors 
only found the original AGS model in aircraft icing literature [2, 9].

Abu-Ghannam and Shaw Model for transition length downstream an 
onset caused by natural (low Tu) or by-pass (high Tu) [29] transition

Reynolds based on transition length Δs:

(28)

Reynolds based on momentum thickness at the end of transition:

(29)

Mayle's Model for Transition triggered by separation bubbles [32]

Difference between the Reynolds based on stream wise distance s at 
transition onset and Reynolds based on s at separation location:

(30)

An additional model is required to predict the onset caused by a 
laminar separation bubble, since Eq. (27) does not consider that. The 
literature research performed by the present authors revealed that Eq. 
(30) has not been applied to icing or anti-icing mathematical models 
yet. The present model selects the onset for transition from Eqs. (1), 
(27) or (30) depending on which one occurs upstream.

Mayle's Model for transition length downstream an onset caused by a 
laminar separation bubble [32]

(31)

For the transition region length, the present authors selected Eq. (25) 
that correlates the length Reynolds number with momentum thickness 
Reynolds number at onset location. The present authors did not find 
any reference regarding application of this model in icing and 
anti-icing literature.

Stratford's Separation Criterion [33]

(32)

Due to its accuracy for airfoils [24, 33], the present model uses Eq. 
(32) to identify laminar separation, i.e., the initiation of the separation 
bubble. The Stratford method may predict separation earlier than it 
actually occurs. There are other methods in literature and to study 
which one might be the most appropriate is out of the scope of the 
present paper. The main point is that the use of integral parameters λ, 
Eq. (5), or Γ, Eq. (13), to detect transition onset may provide less 
accurate results than Eq. (32) because the integral formulation of the 

laminar boundary layer has limitations when solving flow along 
adverse pressure gradient regions or at imminence of separation. 
Despite the fact that Stratford criteria is a classic in aerodynamics 
literature, no models in the researched icing literature presented Eq. 
(32) or other similar methods - even for cases of relatively clean 
surfaces such as those thermally protected.

Intermittency Model - Based on Icing Literature
Abu-Ghannam and Shaw Intermittency Model [29]

Intermittency function:

(33)

Non-dimensional location based on local Reynolds:

(34)

Overall skin friction coefficient in laminar (γ = 0), transitional (0< γ 
<0.99) and turbulent regimes (γ = 0.99):

(35)

The present authors selected the intermittency development model of 
Eq. (27) to combine linearly the laminar regime skin friction Cf,lam to 
the turbulent regime skin friction Cf,turb. This intermittency model was 
used in previous icing and anti-icing references [4, 1,28] and presented 
satisfactory results. When applied to Cf estimation, Eq. (35) means the 
probability of occurrence of turbulent flow at one position during a 
certain amount of time, as defined in Ref [34]. According to Ref [35], 
some works extended the intermittency concept to RANS turbulence 
models in order to increase algebraically the effective turbulent 
viscosity. In one previous work on icing area [2], the intermittency γ is 
proportional to the eddy viscosity in differential codes. However, the 
original work of Ref [29] applied the intermittency directly to the skin 
friction coefficient Cf. In terms of momentum balance, Eq. (35) is a 
first order approximation. Its errors and high order approximation is 
discussed by other authors in the related literature [36].

External Codes and Models

CFD Code
CFD++ [16] is a commercial RANS flow solver that is used in the 
present paper with realizable K-ε [37] and the Langtry-Menter [15] 
(LM) turbulence models. The first is a realizable version of CFD++. 
In the present paper, no transition model was used in association with 
K-ε, even though CFD++ offers the transition as an option for K-ε. 
Therefore, it is fully turbulent from the front stagnation to the trailing 
edge. The second turbulence model used herein is a four-equation 
(SST+Rθ+γ) with transition onset prediction and intermittency 
development models. It is laminar since the front stagnation point. 
Transition will occur if one of two conditions is present: 1) laminar 
separation bubble; 2) transported Rθ predicts transition.
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Some authors [17] validated CFD results with test data when using a 
turbulence model with transported γ equation implemented by them. 
As a benchmark for the new γ equation implementation in CFD 
solver, they also compared the results with boundary-layer codes 
- integral and differential - for laminar, turbulent and transition 
regions, where the intermittency γ goes from zero to unity.

As indicated by previous works [18], the boundary conditions of 
intermittency and turbulence mixture length are crucial for transition 
prediction in LM model [15]. In the simulation of airfoil NACA 
8H12, the turbulence level Tu used was 0.2% and the ratio of 
effective turbulent viscosity to molecular viscosity µt/μ was 20. In the 
specific cases simulated herein for N8H12 airfoil, the boundary 
conditions of Tu and μt/μ were not as important as expected because 
the transition occurred due to a laminar separation.

Boundary Layer Codes
The present authors used open-source XFoil [38] in code-to-code 
verifications mainly. It is important to note that it is a very accurate 
boundary-layer code for airfoils in general. However, the user must 
acknowledge the limitations relative to potential flow solutions when 
applied to thick airfoil shape, high angles of attack and transonic 
Mach numbers.

The differential code BLP2C [24] solves the momentum equation and 
energy equations for 2D compressible boundary layer flow with heat 
transfer, in laminar, transition and turbulent flows. It is a RANS 
finite-difference boundary layer solver modified by previous authors 
to consider laminar-turbulent transition [2, 3]. It is an algebraic model 
in which the intermittency multiplies the eddy viscosity that mimics 
the turbulent spots growth in rate and size. One aspect of special 
interest to the present paper: previous authors successfully applied 
the modified BLP2C to anti-ice simulation around an NACA 0012 
airfoil and validate with NASA experimental data.

Silva, Silvares and Zerbini [1, 3] implemented a momentum 
boundary layer integral equation model to predict Cf and laminar-
turbulent transition in a thermal anti-ice simulation code for airfoils. 
The model validation used NASA experimental data [6] for anti-
icing. Other authors [17] used the Silva, Silvares and Zerbini integral 
code and modified differential code BLP2C [2] results to compare 
with experimental data and with CFD solver results for laminar-
turbulent flow benchmark cases.

Proposed Integral Code Implementation
Regarding the code structure, the proposed numerical code works 
with Cp distribution around airfoil as simple inputs and does not 
interact back with the flow by using the displacement thickness of 
boundary layer. It is not similar to Xfoil [38], which already has a 
potential code integrated and does iterative boundary-layer 
calculations. It is a first approximation that may evolve into 
interactive procedures in future work. In sum, the code is able to 
receive Cp distribution as an input from any source or code.

The present code adopts a first order trapezoidal integration in the 
numerical code to solve the equations for the mathematical model. 
The grid spacing is fine enough to provide satisfactory, accurate 
results. A sanity check performed with high order methods has shown 

that first order results were acceptable. Due to scope and space 
restrictions, the present paper does not show that comparison. 
Previous authors adopted first order integration successfully [1, 3] not 
only in boundary layer but coupled with water film subjected to 
evaporative cooling and with stream wise thermal conduction.

The present paper solves the turbulent boundary-layer equation model, 
Equations (14), (15), (16), (17), (18), (19), (20), iteratively by using 
trapezoidal integration instead of Runge-Kutta, which is usual in 
literature [15-16]. There are two transition models: 1) one triggered by 
natural or by-pass mechanisms, Equations (21), (22), (23); 2) another 
triggered by laminar separation, Equation (24), (25), (26). Both models 
work together because they simulate different triggering mechanisms 
or transition paths. The one that occurs at the most upstream position 
will define the transition onset. To define the separation position, the 
present authors selected Stratford criterion because of its reliability and 
accuracy for the type of study performed in the present paper. Any 
separation detection criterion using boundary-layer integral parameters 
like Cf, λ or H has the unwanted effect of loss of accuracy of the 
integral method in adverse pressure gradient variation region just 
before separation. Although the integrations are first order, a three-
point lagrangian polynomial calculates the pressure derivatives, which 
are required in the integration procedures [24]. This second order 
derivative is necessary in order to achieve accurate results when having 
significant pressure gradient variations.

Test Cases
The table below shows the input flow conditions to the integral code.

Table 1. Simulated Cases with flow conditions.

Local Cf Numerical Results

Airfoil MMB-V2

Case 1
In this case, the first integral code using the Thwaites+Kays model 
predicts that the transition occurred due to laminar separation on the 
upper side. The Cf in the laminar part and the transition point has 
small deviations to the experimental data but the deviation is 
significant along the turbulent part because Kays's model assumes a 
constant shape factor H=1.29, i.e., it assumes that the pressure 
variation does not change the turbulent velocity profile. In the lower 
side, transition occurred due to a by-pass mechanism because the Tu 
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is 3.0%. The present authors used other Tu values but they provided 
more deviations to experimental data than those presented below. 
Silva [3] and Silva, Silvares and Zerbini [2] used the value of 3.5% 
for Tu in their integral code. The modified BLP2C [2, 3] also used 
Tu=3.5%. However, the experimental measurements [19] indicated 
Tu=0.5%. The difference in Tu values may be due to both lack of 
information in experimental data or inaccuracy of transition 
prediction formulas about the laminar to effective turbulent viscosity 
ratio, i.e., turbulence mixture length. The modified Abu-Ghannam 
and Shaw model [30] only takes into account Tu and H in its 
definition, as shown in Eq. (23), therefore, it neglects the effect of the 
turbulent mixture length and other disturbances or effects.

On the other hand, the second integral code using the Walz+Head 
method shows results along all boundary layer -laminar, transitional 
and turbulent regimes - thus closer to the experimental data than 
Thwaites and Kays's in both upper and lower sides. In general, 
Walz+Head's model presented results as close to the experimental 
data as modified BLP2C differential code [12]. On the upper side, the 
proposed Walz+Head's model, even though it is an integral solution, 
generated results closer to test points than modified BLP2C code.

The comparison between the present Thwaithes+Kays integral model 
and the same model of Silva, Silvares and Zerbini [12] leads to the 
conclusion that differences in numerical implementation of 
derivatives and procedures to calculate laminar-turbulent transition 
extension, Eq. (31), generated different results. In that sense, one can 
say that the present implementation and procedure favor more 
accuracy than the previous works. In addition, it is clear that the 
modified Abu-Ghannam and Shaw (modified AGS) model predicted 
transition on the same location but with lower Tu than the original 
non-modified Abu-Ghannam and Shaw (AGS) model adopted by 
Silva, Silvares and Zerbini [12].

Figure 1. MBB-V2 Case 1. Distribution of Pressure Coefficient

Table 1 shows that Tu condition for transition prediction of 
Thwaites+Kays is different from that of Walz+Head. This means that 
the momentum thickness δ2 resulting from each model has 
differences. Since δ2 is different, the Tu level to generate a transition 
onset on the same location is different.

Case 2
In this case, as in case 1, the Walz+Head method solved the flow and 
obtained a Cf closer to experimental data than did Thwaites+Kays, 
modified BLP2C and Silva's integral code, mainly in turbulent regime 
region. On both sides, the laminar separation triggered the transition 
onset.

Figure 2. MBB-V2 Case 1. Skin Friction Coefficient of two-mathematical 
models to represent boundary-layer solutions

Figure 3. MBB-V2 Case 2. Distribution of Pressure Coefficient

Figure 3 shows that pressure coefficient Cp used in Case 2 is closer to 
experimental data than Case 1, shown in Fig. 1. The distribution of Cp 
was computed by XFOIL for Cases 1 and 2, Figs. 1 and.3, of the 
airfoil MBB-V2 [19].

Airfoil NACA 8H12

Case 1
Figure 1 shows the Cp distribution calculated by Xfoil and CFD++ 
compared to experimental data from NACA [4] for CL =0.57 and 
Re=2.6·106. Xfoil and CFD++ executed with four-equation Langtry-
Menter (LM) Model are very close to each other - including in the 
transition region around X/C=0.4 - except for the trailing edge where 
the CFD++ LM is closer to experimental data than Xfoil. Figure 8 to 
9 show the Cf distribution around airfoil.
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Figure 4. MBB-V2 Case 2. Skin Friction Coefficient of two-mathematical 
models to represent boundary-layer solutions

The CFD++ fully turbulent overestimates in all ranges with exception 
of the end of turbulent region along the upper side. Xfoil has a higher 
overshoot of Cf downstream from the transition region than proposed 
numerical codes and CFD++ LM and a small undershoot upstream 
from the transition onset than CFD++ LM and integral codes. It can 
be noticed that the proposed integral code separates, i.e., Cf≈0, in a 
position upstream from other codes. CFD++ and Xfoil have similar 
results in the adverse pressure gradient variation region just upstream 
from the separation point. Even though Xfoil Cp results can be used 
as inputs, they are not shown in the present paper.

Figure 5. NACA 8H12 Case 1. Skin Friction Coefficient of two-mathematical 
models to represent boundary-layer solutions with a Cp distribution of 
transition LM model. CFD code executed with four-equation LM model with 
transition.

Comparing Figs. 8, 9, 11 and 12, it can be noted that the Walz+Head 
boundary-layer code will predict separation and transition onset at 
more upstream locations if it uses Cp from k-ε Fully Turbulent 
solution than the LM Turbulence model. In sum, the viscous LM 
solution may be closer to an iterative solution of boundary layer - as 
Xfoil does -and flow and non-viscous Euler is a purely non-iterative 
one-pass solution of the boundary layer.

It is important to notice that Xfoil undershoots and overshoots when 
compared to CFD++ LM, which has a smoother transition than Xfoil 
and present integral codes. From integral code results, it can be noted 
that the laminar flow is disturbed in an upstream position from that of 
other codes when approaching separation due to possible model 
limitations. However, in order to know which code is more realistic, 
comparison with experimental data is required, as was done in the 
MMB-V2 airfoil cases.

Case 2

Figure 6. NACA 8H12 Case 1. Skin Friction Coefficient of two-mathematical 
models to represent boundary-layer solutions with a Cp distribution of FULLY 
turbulent model. CFD code executed with fully turbulent K-ε

Figure 7. NACA 8H12 Case 2. Distribution of Pressure Coefficient around the 
airfoil at α=3.94° compared with experimental data of CL=0.57 [12].

The value of α = 3.94° is defined by interpolating the CL − α curve 
published in NACA report [21] at CL = 0.57, since the authors did not 
mention which angle of attack was considered where the Cp data was 
measured. Therefore, CFD++ and Xfoil were both ran considering 
this angle of attack as input. It is different from Case 1 because here 
the angle of attack α is the same for all flow solvers.

Since it might indicate less accuracy for the same angle of attack, and 
since both polar drag and lift curves refer to the same angle of attack, 
it is important to compare all solvers also with the same α instead of 
only the same CL.
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By examining Figure 7, one can conclude that Xfoil results have 
more deviation from experimental data as well as from CFD++ FT 
and LM. However, this conclusion cannot be drawn about Figure 10 
with all solvers in same angle of attack. In general, CFD++ LM is the 
solver that presents results closer to experimental data than do other 
solutions. Figure 11 presents skin friction distribution for CFD++ LM 
compared to the proposed integral code and Xfoil.

Figure 8. NACA 8H12 Case 2. Skin Friction Coefficient of two-mathematical 
models to represent boundary-layer solutions with a Cp distribution of 
transition LM model. CFD code executed with four-equation LM model with 
transition.

The simulation at the same α - when compared to the same CL - gives 
very similar results except that integral code is closer to CFD++ LM 
results in the turbulent region. Particularly, the Walz+Head integral 
code results for Cf are very close to those of CFD++ LM when all the 
range is considered.

For both Cases 1 and 2, the lack of experimental data for local skin 
friction may be partially minimized by validated CFD++ results. The 
polar drag as well as the lift coefficient versus angle of attack curves 
were validated with experimental data in previous works [8]. The 
CFD++ results presented satisfactory deviations to experimental 
points up to some angle of attack after maximum lift for both curves.

Local St Numerical Results
The proposed model must be modified in order to allow St estimation 
since it only calculates Cf around airfoils and cylinders. The present 
authors introduce some additional equations required but the 
proposed momentum boundary layer model remains the same.

For the laminar boundary layer, the numerical code estimates St with 
support of von Kármán heat-momentum analogy [39], which is not 
used in icing literature but it is proposed herein:

(36)

The Nusselt number based on diameter of the cylinder:

(37)

As a baseline, the Smith-Spalding model is also included herein [9, 
10, 23] because it is used classic icing codes:

(38)

Alternatively, the Nusselt based on cylinder diameter D when 
considering Eq. (38) is defined by:

(39)

Where D is the cylinder diameter and Δ4 is the conduction thickness. 
At stagnation the NuD,lam is given by:

(40)

Therefore, Δ4,0 is calculated with Eq (39) and (40). The turbulent skin 
friction Cfrough is required to estimate the Stturb from heat and 
momentum analogy. To evaluate turbulent skin friction over rough 
surfaces Cfrough the present authors use the formulation used in icing 
codes [9, 10] that was derived by Kays and his collaborators [23]

(41)

The roughness sub-layer acts as a thermal resistance in series with the 
fully turbulent boundary layer thermal resistance. Equation (2) 
evaluates the Stanton number over ice-like rough surfaces. It uses the 
Eq. (41) to calculate Stturb and the Stanton of the rough sub-layer 
defined by Stk:

(42)

Where C=0.8, a=−0.45 and b=−0.8 as Refs [4, 9] defined for ice-like 
roughness. Overall Nusselt number in laminar (γ = 0), transitional (0< 
γ <0.99) and turbulent regimes (γ = 0.99):

(43)

Where NuD,turb is calculated from Stturb similarly to laminar regime a 
shown in Eq. (37). The intermittency γ is calculated with Eq. (33). 
The assumption of transition intermittency applicability to rough 
surface was tested by Stefanini et al. [4,9]. As present authors did not 
find any correlation for transition length for icing rough surfaces, 
they used the ones of Mayle [32], Eq. (31), Abu-Gannan and Shaw 
[29], Eq. (31), without any modification. This assumption is coherent 
with the scope of the present paper because it only intends to indicate 
how to use the second proposed model on icing problems.
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For the laminar-turbulent transition onset location over rough 
surfaces, Equation (1) may not predict accurately the location in case 
that roughness height is higher than boundary layer thickness. This 
situation may happen when the roughness is present at stagnation 
vicinity, where the laminar boundary layer is at its start. As present 
authors has not found any correlation in icing literature, they adopted 
the empirical algorithm proposed by Wright [41] as the criteria for 
the onset location determination.

Figure 9. Rough Cylinder. Distribution of Pressure Coefficient.

For the separated regions, where the Cf is zero and the boundary layer 
models do not work, the present paper assumes that the heat transfer 
is given by:

(44)

Figure 10. Rough Cylinder. Transition length by AGS, Eq (28). Skin Friction 
Coefficient |Cf of integral code with a Cp distribution generated by correlation. 
CFD++ executed with two-equation K-ε model with transition tripped 
manually and Stefanini option for heat transfer over rough surfaces.

According to Ref [23], the C1 = 0.0208 and C2 = 0.814 for the range 
5 · 104 < ReD < 2 · 105. The separated regions are important for icing 
application mainly when they are located on the shape shapes 
surfaces. The detection of separation by the proposed model via Hturb 

quantity allows the use of Eq. (44). A specific correlation for 
separated regions over ice shapes is required but not found in 
literature researched.

Isothermal Rough Cylinder
This heat transfer calculation is required in order to show that the 
second model presented herein has future application to icing. 
However, the present paper does not have the objective to validate the 
St results in other flow conditions or geometries. The intended results 
are just an indication of the future applicability of the second model 
proposed herein to icing problems.

Figure 11. Rough Cylinder. Transition length by AGS, Eq (28), and Fr 
calculated by analogy with Cf, Eqs. (37) and (2). Frossling number results of 
integral code with a Cp distribution generated by correlation. CFD++ executed 
with two-equation K-ε model with transition tripped manually and Stefanini 
option for heat transfer over rough surfaces.

The Achenbach's [40] tunnel cross section was 900 mm height by 500 
mm width. The cylinder was 150 mm diameter and 500 mm long. The 
present authors selected one a trans-critical condition where the ReD = 
2.2 · 105 and Ks/D = 900 · 10−5. In the trans-critical condition, the 
cylinder total drag force is above its minimum point and laminar-
turbulent transition is close to the stagnation point. It is necessary to 
simulate whole tunnel in CFD to capture wall effects. The free-stream 
temperature was 303.15 K. The author [40] informed that the 
temperature was between 9 and 60 K but did not inform the exact value 
of each test run. The tunnel pressure for this ReD range is close to the 
atmospheric level. The turbulence level for all experiments was Tu = 
0.45% but there is no information about length scale. For the selected 
case, Ref [40] results indicated the angular position of separation on θ 
= 91.4° and of transition on θ = 15° clockwise from stagnation.

The preset paper uses the correlation of pressure coefficient Cp given 
by Stefanini et al. [4] as an input to integral code proposed herein:

(45)

Where α = 2.646 and b = 1.194 to match closely experimental data as 
presented in Fig. (9). As the correlation above is adjusted from a 
potential solution, the separation is not represented in pressure 
coefficient. Although it is not as accurate as the CFD++ solution or 
representative of experimental data, it allows the proposed turbulent 
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integral boundary layer [26, 27] to detect separation adequately by 
the rapid growth of shape factor parameter and the consequent 
approximation of skin friction to zero [42].

Figure 12. Rough Cylinder. Transition length by Mayle, Eq (31). Skin Friction 
Coefficient |Cf of integral code with a Cp distribution generated by correlation. 
CFD++ executed with two-equation K-ε model with transition tripped 
manually and Stefanini option for heat transfer over rough surfaces.

Figure 13. Rough Cylinder. Transition length by Mayle, Eq (31), and Fr 
calculated by analogy with Cf, Eqs. (37) and (2). Frossling number results of 
integral code with a Cp distribution generated by correlation. CFD++ executed 
with two-equation K-ε model with transition tripped manually and Stefanini 
option for heat transfer over rough surfaces.

Figure 10 presents the skin friction coefficient results generated by the 
present integral code compared to CFD++, Stefanini et al. [4] integral 
code results and experimental data from Achenbach [40]. The present 
integral code used the second boundary layer model - Walz+Head - 
proposed herein but modified for rough surfaces by Eq. (41). On the 
other hand, Stefanini et al. [4] integral code used same set of equations 
of the first model - Thwaites+Kays - but with different numerical 
implementation and assumptions for transition. In the present code 
paper, the transition onset is predicted by algorithm of Wright [41] and 
the length by Eq (28). In the latter case, transition onset and length 
were not computed by correlations but fixed manually by those 
authors. For reference, the results of a Cf for non-rough surface 
produced by Eq (13) and Eq (17) is given in the same plot.

Figures 10 and 12 only differs by the use of Mayle's model for 
transition length, Eq. (31), in the latter instead of Eq (28). Clearly, the 
Eq. (28) predicted a longer transition length than Eq. (31) and made 
the predictions closer to CFD++ and previous authors results [4]. 
Regarding the turbulent separation, the present code was able to 
detect it at downstream location than CFD++ results and 
experimental θ = 91.4°. The integral code of Stefanini et al. [4] was 
not able to predict separation nor the Cf value downstream. It is 
important to notice that CFD++ results presented a non-zero Cf values 
after separation point because the recirculation flow, which is not 
solved by boundary layer but solved by CFD++, actually causes shear 
stresses at wall.

Figures 11, 13 and 14 present the Frossling number Fr results around 
the rough cylinder in laminar, transitional and turbulent regimes, 
where Fr is given by:

(46)

Figure 11 and 13 differs only by transition length prediction model, 
where the first is by Eq (28) and the second by, Eq. (31). Similar 
behavior in Cf results is observed for heat transfer: the AGS model 
given by Eq (28) predicts a longer transition length and Fr closer to 
experimental data than Mayle's Eq. (31). Actually, Eq. (31) was 
originally intended to be used in transition caused by separation 
bubbles. But, in the present paper, its application serve as a 
comparison to show the effects of a short transition length in local 
results of heat transfer coefficient, i.e., Fr. Since present authors did 
not find any model or correlation for transition length region over 
rough icing surfaces, the present paper can be seen as a tentative and 
a suggestion for future research works.

The results presented in Figs. 11 and 13 refer to calculations of the 
second proposed model by using von Karmán analogy for laminar 
regime, Eq, (37), and rough sub-layer analogy for turbulent regime, 
Eq. (2) with Cfrough given by Eq. (41). It is a quick modification in the 
Walz+Head model by using momentum-heat analogies since the 
surface is isothermal and with no blowing. It is important to 
emphasize that Cfrough given by Eq. (41) uses the results of δ2,turb given 
by Eq (18). This is a modification proposed by present authors since 
the original model used δ2,turb given by Eq (8). The reason for the 
modification is that the Eq. (41) takes into account pressure gradient 
effects on the shape factor H, where Eq (8) assumes it as constant.

Finally, Figure 14 presents results of Fr generated by present second 
integral model using a Nusselt number Nu in laminar regime as done 
by classic icing codes [9, 10, 23] instead of von Karman analogy as 
used in Figs. 11 and 13. There is no difference at stagnation point 
between Figs. 11 and 14, however, Fig 14 results are a little bit closer 
to experimental data than those presented in Fig. 11 just downstream 
stagnation, where intermittency is still small. This difference may be 
explained by the greater effect of pressure gradient in momentum 
than thermal boundary layer. Downstream 20 degrees, both figures 
show very similar results since the turbulent boundary layer 
calculation is the same for both. If the semi-empirical correlation of 
Eq. (44) were not used, the results of Figs. 11, 13 and 14 would show 
a null heat transfer coefficient by analogy since skin friction would be 
zero. Actually, by definition, boundary layer models do not solve 
separated regions, therefore, it is important to have an alternative way 
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to calculate the heat transfer on those regions. In terms of results for 
the separated region, the present integral code predicted results close 
to experimental data until 140 degrees. On the other hand, CFD++ 
predicted results closer to experimental data in angles downstream 60 
degrees than integral codes. However, it predicted results not so close 
in angles upstream than 30 degrees where the transition region 
occurred. It may be to a short transition length as indicated by Fig 13.

Conclusions

Figure 14. Rough Cylinder. Transition length by AGS, Eq (28), and Fr 
calculated with Nulam, Eq. (39), and by analogy with Cf,turb, Eq. (2). Frossling 
number results of integral code with a Cp distribution generated by correlation. 
CFD++ executed with two-equation K-ε model with transition tripped 
manually and Stefanini option for heat transfer over rough surfaces.

Both the proposed integral boundary layer mathematical models were 
presented and their results were compared to experimental data, CFD 
results and predictions by previous works published in the related 
literature. The first model - Thwaites+Kays - generated results close to 
those of previous works. However, it showed some deviations due to 
differences in mathematical modeling and code implementation 
regarding transition extension and transition onset location. The second 
model - Walz+Head - also presented some differences in results when 
compared to previous works. Mostly, momentum thickness and skin 
friction Cf estimations in both laminar and turbulent regimes have 
deviations that are more significant. The Walz+Head model presented 
smaller deviations than did Thwaites+Kays and previous integral 
models when compared to differential code results - modified BLP2C 
and CFD codes. Particularly in a turbulent regime, the proposed 
modeling improved the representation of pressure gradient effect 
variation in boundary layer flow. Therefore, the present authors expect 
that the second proposed model may increase the accuracy of transition 
predictions - its onset and length - and the Cf estimation for airfoils, 
cylinders and possibly for ice shapes. Consequently, the proposed 
model may improve estimation of heat and mass transfer rates for 
future use in anti-ice and icing applications. Finally yet importantly, the 
present authors concluded that pressure gradient and laminar-turbulent 
effects need further modeling and validation with other experimental 
data for skin friction and heat transfer around different airfoils, angles 
of attack, surface roughness and flow conditions. Whenever 
experimental data is not available, model development has to be 
conducted on a code-to-code comparison basis in order to allow an 
engineering assessment of its deviations and to indicate where to 
implement improvements. In this sense, a verification of boundary 

layer integral equations and CFD results benefits application of both 
codes to icing problems by understanding the limitations of each code 
and the phenomena involved.
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